Abstract. Given a function f, the author specifies the singularities of f that are visible in a stable way from limited X-ray tomographic data. This determines which singularities of f can be stably recovered from limited data and which cannot, no matter how good the inversion algorithm.
1. Introduction. X-ray tomography is an important, noninvasive, practical way of finding the density of objects. In standard tomography, X-rays of the object are taken over an evenly distributed set of lines, so-called complete tomographic data, and well-known algorithms are used to recover a good approximation to that object [21] . Inversion is only mildly ill-conditioned (continuous of order 1 / 2 in Sobolev norms).
However, one often needs to. find the density of an object but one cannot get X-ray tomographic data over an evenly spaced set of lines through the object but only some subset; one has limited tomographic data. Limited data tomography is important in medical imaging [21] , scientific tomography [1] , and industrial nondestructive evaluation [28] .
In general, reconstruction from limited tomographic data is much more highly ill-posed than reconstruction from complete data [6] . As a result, inversion algorithms using limited data, generally, can create artifacts, blurring or other distortions in their reconstructions. The goal of this article is to classify what singularities can be stably reconstructed from limited data and what singularities cannot be stably reconstructed no matter how good the algorithm. To do this, we will use a precise concept of singularity: the wave.front set, and a precise concept of stability: continuity in microlocal Sobolev norms. Then we will tell which singularities the X-ray transform "sees" stably and which singularities are not stably detected from limited data. The reason we can do this is because the X-ray transform is an elliptic Fourier integral operator and, therefore, changes wavefront sets in specific ways.
We do not claim that all limited data tomography algorithms will reconstruct the "visible" singularities well. Rather, we claim that, if a singularity is not stably visible from limited data, no algorithm can reconstruct it stably. For "visible" singularities our theorem gives stability estimates of order 1 / 2 in Sobolev norms, so one would ex-*Received by the editors July 13, 1992 ; accepted for publication (in revised form) February [22] . The "tangent casting" effects of [30] is an intuitive way of expressing (3.3) below. One can also understand stability of these problems using singular value decompositions [4] , [14] , [16] , [17] , [18] . Lambda tomography [5] is a well developed algorithm that finds singularities of a function from real tomographic data. Their method works quite well with interior data (Example 3.3). Ramm and Zaslavsky [29] have developed a method using Legendre [8] , [25] ), but since it is especially straightforward in this case, it will be given here. First, note that the Schwartz kernel of. the operator R is the distribution on R 2 ([0, 2r] R) that is integration with respect to the weight dxdO over the set Z ((x, O,p)lx.O p}. This is a special type of distribution and in [10] it is shown to be a Fourier integral distribution associated with the Lagrangian manifold F N*Z \ 0 where N*Z is the conormal bundle of Z in T*(R 2 ([0, 2r] R)). As shown in [8] (see also [25] details), because the measure of integration dxdO is nowhere zero and the projection from F to T*([0, 2r] R) \ 0 is a injective immersion, R is elliptic with elliptic inverse that composes well with R. To understand what R does to wavefront sets, one must calculate the set F. Z is defined by the equation x 0 p 0 and so its differential, 0dx + x. 0+/-d0 -dp, is a basis of N* Z at each point. Therefore, (3.4) F { (x, , p; a(dx + x. O+/-d9 dp))l (x, , p) e Z, a 0}. (3. 2) uniquely determines (x0; 00dx), first note that a is determined by the dp coordinate of at/0. Then as a 0, x0.0-is determined by the dO coordinate of a/0, and finally x0 00 p determines x0.
The assertion about H 8 will be given because, although it is straightforward, it is not in the elementary literature. We prove one direction and leave the other to the reader. Let Rf be in HB+I/2 near (00,p0; at/0). Then, by Theorem (3.3) , one can detect all singularities of f in Ix < 1. To see this, choose a point x inside the unit disk and choose a direction 0 [0, 2r].
Then the line through x and normal to 0 is in the data set for interior tomography and so any singularity of f at (x; 0dx) is detected by interior data.
Lambda tomographic reconstructions are local--they use data Rf(O,p) only for lines g(O, p) near x to reconstruct at x. So Lambda tomography is useful for the interior problem. In fact, Lambda tomographic reconstructions for the interior problem clearly show the singularities of f in the unit disk [5] . Maass [18] has developed a singular value decomposition for this problem. See also [16] . Lewitt and Bates [13] , Louis [15] , and Natterer [20] have developed good reconstruction algorithms that use exterior data. The author has developed an exterior reconstruction algorithm which employs Perry's singular value decomposition [23] and a priori information about the shape of the object to be reconstructed. Reconstructions for "medical" phantoms are in [26] and those for industrial phantoms are in [27] , [28] . Exactly those singularities that are supposed to be stably reconstructed are clearly defined. In the author's algorithm, singularities that are not "visible" are smeared; reconstructions will now be given. Figure 1 shows an object with outer radius M 1.5 on a rectangular grid. The two bigger circles have density 1.5 and the two smaller 1.375. The annulus has density one. The reconstruction in Fig. lb is gotten using the author's algorithm with noiseless data. The reconstruction in Fig. lc [20] ). To provide sufficiently fine radial resolution, the scale in r is magnified by a factor of 7.85. The phantom in Fig. 2 [28] . The "wedge" near r 1.10 (at the bottom of the display) occurs because the center of the rocket is offset slightly from the center of the coordinate system. Because some wavefront directions are not stably detectable by limited angle data or by exterior data, inversion for these problems is highly ill-posed (see the example in [6] and the inverse discontinuity result in L 2 of [19] ).
Reconstructions in Figs. 1 and 2 illustrate the principle (3.3). In the reconstruction in Fig. 1 , the "sides" of the circles are blurred (corresponding to singularities normal to lines not in the data set), but the "inside" and "outside" boundaries of the circles are well reconstructed. This occurs despite the fact that only a few lines in the data set are tangent to the inside boundaries. The reconstructions of Fig. 2 
